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Vertices describe the interactions between the fundamental degrees of freedom, and are therefore
of vital importance in many ab initio descriptions of field theory, especially using functional methods.
To this end, we present the first lattice study of the thermal behavior of (minimal) Landau-gauge
SU(2) Yang–Mills three-point functions, i.e. three-gluon and ghost-gluon vertices. Focusing on the
chromomagnetic sector, we find that the phase transition mainly affects the three-gluon vertex,
while the ghost-gluon vertex is relatively inert.
PACS numbers: 11.10.Wx, 12.38.Gc, 12.38.Aw
I. INTRODUCTION
The study of heavy-ion collisions at RHIC and CERN
have demonstrated that QCD is substantially more com-
plex at and for some temperature range around the
crossover than originally anticipated; see, e.g., [1]. While
lattice calculations have unraveled much of the static
properties of the produced strongly interacting matter
[2–4], many of the dynamical properties are still not com-
pletely understood. These questions include, e.g., the
fast thermalization or the collective behavior of soft pi-
ons [1]. Thus, ultimately an ab initio nonequilibrium
description will be necessary. This is, however, a chal-
lenging problem. One possible approach, for which real-
time behavior becomes more and more accessible, are
functional methods [5–8]. Still, these methods require
approximations. To check and improve these approxima-
tions already static information is valuable. To obtain
such information is the aim of the present paper.
This will be achieved by the study of the chromomag-
netic three-point vertices. To understand their impor-
tance, recall that all information of any quantum field
theory is encoded in its correlation functions. Since ver-
tices describe the basic interactions between the funda-
mental degrees of freedom, they provide access to concep-
tual questions, bound states, and even phenomenological
observables [9–14]. In this work, we study, for the first
time, and thus on an exploratory level, the temperature
dependence of the three-point functions of SU(2) Yang–
Mills theory in (minimal) Landau gauge, i.e. the three-
gluon and ghost-gluon vertices, for a range of different
kinematic configurations. The three-point functions are
of particular importance, since in most cases the approx-
imations in functional calculations rely on the ordering of
correlation functions in the sense that only n-point func-
tions up to a certain order are included. Until recently,
even in the vacuum only the gluon and ghost propaga-
tors could be resolved fully, whereas approximations for
n-point functions with n ≥ 3 have been made [9–14].
Already when including three-point vertices self-
consistently, the level of complexity encountered in func-
tional equations becomes much higher. As a consequence,
vertex computations have been so far mainly done at
vanishing temperature [15–22], except for an incipient
study on the thermal behavior of the ghost-gluon vertex
[15, 16]. The thermal behavior of the three-point func-
tions presented here thus serves as an important step
in finding appropriate truncations or, in addition, may
even provide a guideline in the computation of vertices
self-consistently in functional frameworks.
In addition, the thermal dependence of the vertices
may help to resolve a pressing question concerning
the deviation of finite temperature continuum results
[15, 16, 23–25] from lattice simulations [26–33]: the (al-
most) independence of the ghost propagator with respect
to temperatures from zero to well above the critical tem-
perature Tc ≈ 277 MeV has not be recovered in func-
tional computations yet. This may be due to an insuf-
ficient truncation of the temperature dependence of the
three-point functions. As will be seen, the three-gluon
vertex shows a dependence on the temperature while the
ghost-gluon vertex is almost independent of temperature.
These behaviors, if confirmed in a more systematic in-
vestigation, may provide a clue for the aforementioned
insensitivity of the ghost propagator.
The main aim here is to get a first idea of interesting
regions to set the stage for more detailed investigations.
Hence, this study is limited to rather coarse and small
lattices. Spatial volumes are N3x = 20
3, 303, whereas the
temporal extent around the phase transition region is
Nt = 4. For the propagators there are significant lattice
artifacts at these settings [28–33], so we do not expect
yet quantitatively fully reliable results. However, for ver-
tices so far the qualitative features in the vacuum have
been yet less sensitive to lattice artifacts than for the
propagators [34–37].
This manuscript is structured as follows. In Sec. II we
set the technical stage, supported by some details in Ap-
pendix A. The results are presented in the main part of
the text in Sec. III. Some final conclusions are drawn in
Sec. IV. A limited study of the volume dependence of the
results can be found in Appendix B. Since our volumes
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2are much smaller than those employed for investigations
of the propagators, we do not include results on the lat-
ter, but rather refer to the literature [26–28, 30–33].
II. VERTICES
In this section we briefly recall computations of three-
point vertices using lattice gauge theory. In particular,
we highlight the differences between computations at zero
and nonzero temperature. Our approach is a straight-
forward extension of the analysis at zero temperature
of Refs. [34, 35, 38], and therefore many of the details
skipped here can be found in these references. The intro-
duction of temperature, especially determining the actual
temperature, is done in the same way as in Ref. [30]. See
also Appendix A for further technical details.
Correlation functions are gauge-dependent quantities.
Thus, one has to define a gauge condition. Here, we will
use the standard minimal Landau gauge1 [12], to com-
pare directly with results at vanishing temperature. As
a consequence, the gluon propagator, Dabµν(p), is four-
dimensionally transverse. Since higher n-point func-
tions are connected via gluon or ghost propagators,
the latter ones being Lorentz-scalar particles, transverse
structures close among themselves. As a consequence,
only the transverse parts of any n-point function con-
tributes to the dynamics, if no extreme singularities are
encountered[10]. In particular, on the lattice it is only
possible to determine the transverse part of correlation
functions [12]. In addition, the Landau gauge is covari-
ant, and thus O(4) invariance allows at zero temperature
for dependence on the modulus of the 4-momentum only.
At nonzero temperature, however, the situation is more
complicated. The heat bath, which we choose to be in
temporal direction, permits distinguishing the directions
orthogonal and parallel to it. This generates two struc-
tural changes.
First, Lorentz/O(4) symmetry is no longer mani-
fest. As a consequence, the gluon propagator has to
be spanned via two different tensor structures, the so-
called (chromo)electric and (chromo)magnetic propaga-
tors, GabA ,µν(p) and G
ab
A,µν(p), respectively, in the three-
dimensional spatial subspace. In contrast, the trivial
tensor structure of the ghost propagator, Gabc (p), is un-
affected as it is a Lorentz scalar. Because the minimal
Landau gauge does not constrain the global gauge degree
of freedom, these propagators are color diagonal, which
has been confirmed explicitly by several calculations [12].
1 We do not intend our calculation to be an approximation to the
results in the absolute Landau gauge, i.e., of a gauge fixing to the
fundamental modular region. Hence, there is no Gribov noise,
since Gribov copies are fully taken into account in the definition
of the minimal Landau gauge [12]. This should be kept in mind
when comparing to results in gauges that treat Gribov copies
differently.
This also implies that for the gauge group SU(2) the
three-point vertices’ color structure is completely deter-
mined by the structure constants.
Second, the presence of the heat bath triggers separate
dependence on temporal and spatial components of the
4-momenta: therefore, the dependence on a general 4-
momentum, p, is in fact a separate dependence on spatial
momentum, ~p, and Matsubara frequencies, p0, which are
discrete due to the compactification in the (imaginary)
time direction. For both gluons and ghosts the energies
are given by 2pinT , with T the temperature, and n inte-
ger. This distinguishes soft modes with n = 0 and hard
modes with n 6= 0. The latter show a rather trivial be-
havior for the propagators [27], and become irrelevant for
the dynamics in the high-temperature limit. Anticipat-
ing a similar behavior for the vertices, we will concentrate
here exclusively on the soft modes.
Turning to vertices now, the bases of possible tensors
are richer. Here, we will only consider those vertex com-
ponents proportional to the tree-level vertex. In con-
trast to the vacuum, where this restriction singles out
exactly one tensor, at nonzero temperature the basis is
enlarged because either magnetic or electric gluons may
be attached to the vertices. However, because these ver-
tices are proportional to the momenta, restricting to soft
modes automatically singles out the chromomagnetic, i.e.
purely spatial, part of the vertices. These are identi-
cal to the three-gluon vertex and ghost-gluon vertex of
the dimensionally reduced theory in the infinite temper-
ature limit [12]. Thus, by construction, we have to ap-
proach the known results for the three-dimensional ver-
tices [34, 35] in this limit. In fact, already at roughly
2Tc, the results are not too far away from the infinite-
temperature limit. This rapid approach is similar to what
is found for the propagators.
Thus, we are concerned with two three-point vertices,
the three-gluon and ghost-gluon vertices,
Γ
(3), abc
A3, µνρ (p, q, r) , and Γ
(3), abc
cc¯A, µ (p, q, r) , (1)
where the subscript A indicates that the external gluons
are magnetic. In eq. (1) momentum conservation ensures
that these vertices depend on two external momenta only,
from which three independent kinematic variables can be
formed in the vacuum: e.g., the moduli of the two 4-
momenta and the angle between them, respectively. At
nonzero temperature, due to differentiation between spa-
tial momenta and Matsubara frequencies, the vertices de-
pend on five independent kinematic variables, two Mat-
subara frequencies and the moduli of and angle between
spatial momenta. For the soft mode, therefore, only three
parameters derived from the spatial momenta remain. In
the following, we study momentum configurations that
are directly compatible with the hypercubic symmetry
of the spatial lattice. As detailed in Refs. [34, 35], due
to their importance in continuum approaches, we choose
the orthogonal configuration, with two momenta being
equal in magnitude and the angle between them being
390◦; the symmetric one, with all external momenta equal
with an angle of 60◦ between each pair of momenta; and
a third configuration in which one (gluon) momentum
vanishes exactly and the other two momenta are there-
fore at 180◦. Note that on a finite lattice it is not possible
to study zero ghost momentum. Furthermore, because of
the ghost-antighost symmetry in the Landau gauge [9], it
is sufficient to study the dependence on the ghost momen-
tum. Furthermore, the Bose symmetry of the three-gluon
vertex constrains its momentum dependence.
An important technical constrain is that, contrary to
continuum approaches, on the lattice only full correlation
functions are accessible but not vertex functions directly.
The latter ones are parametrized by their dressing func-
tions, GA
3
(p, q) for the three-gluon vertex and Gcc¯A(p, q)
for the ghost-gluon vertex, respectively. Schematically,
we have2
Γ
(3), abc
A3, µνρ(p, q, r) = G
A3(p, q)Γtl,A
3, abc
µνρ (p, q, r)
+other tensor structures ,
Γ
(3), abc
cc¯A, µ (p, q, r) = G
cc¯A(p, q)Γtl,cc¯A, abcµ (p, q, r)
where the Γtl,A
3, abc
µνρ and Γ
tl,cc¯A, abc
µ are the (color antisym-
metric) classical tensor structures, including lattice arti-
facts [34, 39]. Access to the dressing functions is gained
by amputation and projection via [34]
Gφ
3
=
Γ
(3)
ABCGADGBEGCFΓ
tl
DEF
ΓtlABCGADGBEGCFΓ
tl
DEF
, (2)
whereGφ
3
can be eitherGA
3
orGcc¯A, the calligraphic let-
ters are multi-indices comprising field-type, Lorentz and
color indices as well as spatial momenta. We stress here
that in eq. (2) no summation over Matsubara frequen-
cies is involved because we only consider the zero mode,
hence, higher modes drop out. Note that both dressing
functions defined in eq. (2) are dimensionless.
The propagators are calculated in the same way as in
previous studies at finite temperature [26] and are, of
course, along the corresponding spatial momenta. Thus,
the longitudinal dressing function does not contribute to
the normalization of the magnetic vertices.
Note that we keep the number of points in the time di-
rection around the phase transition fixed and just vary β
and thus the lattice spacing. Therefore, the spatial vol-
umes shrink slightly while increasing the temperature.
Since the propagators are volume dependent (as to some
extent most likely the vertices too), some volume de-
pendence is intermingled with the temperature depen-
dence. However, the observed effects are substantially
larger than the volume dependence of the vertices at zero
2 Note that there is only one tensor structure in the ghost-gluon
vertex at zero temperature, and thus only one soft structure at
finite temperature.
or infinite temperature, so we are rather confident that
we also see genuine temperature effects.
Finally, in principle there is a (finite) renormaliza-
tion possible. At the present lattice discretization, these
renormalization constants are found to be only slightly
dependent on β. Thus, we do not perform any renormal-
ization here, except below in Fig. 7.
III. RESULTS
In this section we present results on the thermal behav-
ior of the magnetic three-point functions in comparison to
their behavior at vanishing [35] and infinite[34, 35] tem-
perature. The behavior of the vertices is qualitatively
similar on both spatial lattice volumes N3x = 20
3 and
N3x = 30
3 studied here. Hence, we restrict the discussion
in the main text to the larger lattice volume and defer the
study of the volume dependence to Appendix B. We will
study the two vertices separately in the following two sub-
sections. We have not investigated discretization effects,
as this would require finer lattices, and thus substantially
more computing time to keep the same spatial volumes.
We note, however, that such effects have a substantial
impact on the propagators, and should be addressed in
any next step beyond this exploratory one [28, 30–33].
A. Ghost-gluon vertex
In the vacuum the SU(2) ghost-gluon vertex remains
almost constant with deviations of the order of 30% from
its tree-level part, in agreement between functional meth-
ods and lattice calculations [15–20, 35, 40].
The thermal dependence of the ghost-gluon vertex for
temperatures T ≤ Tc, is shown in FIG. 1. Within the
statistical uncertainties, no pronounced temperature de-
pendence is observed, and the vertex remains essentially
tree level for the temperature range studied.
For temperatures above the phase transition, T > Tc,
the results are shown in FIG. 2. Again, within statistical
accuracy almost no temperature dependence is observed.
In this way, the ghost-gluon vertex shows a behavior quite
similar to the soft mode of the ghost propagator itself
[30], which is also essentially independent of temperature.
At very high temperature dimensional reduction forces
the vertex to approach its three-dimensional limit. How-
ever, because of the almost temperature independence of
the vertex, this is essentially true for all temperatures.
This is emphasized in FIG. 3, where the vertex at the
critical temperature is compared to the zero and infinite-
temperature limit from Ref. [35]. As is visible, within the
comparatively large statistical uncertainties, the vertex is
essentially the same. Note that for the comparison to the
three-dimensional theory, the string tension in four and
three dimensions has been set to the same dimensionful
quantity [35].
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FIG. 1: Various kinematic configurations of the ghost-gluon vertex at temperatures below criticality. The lower right graph
illustrates the vertex at the critical temperature as a function of ghost and gluon momentum.
B. Three-gluon vertex
At vanishing temperature the three-gluon vertex is sig-
nificantly suppressed at intermediate and low momenta
compared to its tree-level value in both four and three
dimensions [34, 35]. However, statistics and volumes are
insufficient to specify yet the infrared behavior. Nev-
ertheless, the data are compatible with both functional
results, where the vertex turns negative in the deep in-
frared [16, 21, 22], as well as lower-dimensional results
where in larger volumes the same behavior was first seen
[35, 36].
The strong statistical fluctuations are also the bane
of the present calculations, especially at high momenta.
However, a very interesting observation can be made at
low momenta below the phase transition, see FIG. 4.
Here, the vertex becomes substantially enhanced to-
ward the infrared when approaching the phase transition.
However, as in the case of the longitudinal propagator
[30, 33], the maximum enhancement occurs not at the
phase transition, but slightly below, around 0.95Tc.
This suppression is essentially immediately gone in the
high-temperature phase, as is seen in FIG. 5. In fact, al-
ready at about 1.5Tc, the original suppression is there,
and even a sign change can be observed. Thus, the be-
havior in the infinite-temperature-limit is recovered [35],
as shown in FIG. 6. This is, of course, a dramatic depen-
dence on the temperature, inducing a qualitative change.
Especially that the vertex stays positive is a genuine fea-
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FIG. 2: Ghost-gluon vertex as in Fig. 1, however, for temperatures above the transition. The lower right plot is at the largest
temperature.
ture of the three-point correlation function, since the re-
quired normalization by the propagators in eq. (2) cannot
alter the sign, just the magnitude.
To emphasize the point, we plotted the vertex at the
lowest and next-to-lowest momenta in FIG. 7 as a func-
tion of temperature. For this direct comparison, we have
renormalized the vertex at 1.3 GeV for one momentum
vanishing, using a linear extrapolation of the more precise
vacuum data from Ref. [35]. It is visible how the vertex
becomes positive at some temperature substantially be-
low the phase transition and then shows a pronounced
peak or plateau structure directly below and up to the
critical temperature. The drastic effect around the phase
transition is again highlighted in FIG. 8. This behavior
coincides with the one observed for the electric propaga-
tor [26–28, 30–33]. Whether it shows also a maximum
rate of change very close to the phase transition, as is
suggested by Ref. [30] for the electric propagator, cannot
be decided given the available precision.
We point out that this is unexpected, as in the soft
three-gluon vertex only magnetic gluon fields enter. The
reason is that for the soft case in eq. (2) the tree-level ten-
sor structure is proportional to the momentum, and thus
all time components, i.e., electric ones, vanish. Thus,
only magnetic ones contribute. Since the magnetic prop-
agator is rather inert as a function of temperature [26–
28, 30–33], no drastic change in the vertex suggested it-
self.
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FIG. 3: The ghost-gluon vertex at the phase transition compared to the results from zero and infinite temperature from
Ref. [35].
IV. CONCLUSIONS
Summarizing, we have presented the first lattice
investigation of the temperature dependence of the
(chromo)magnetic, soft three-point vertices of SU(2)
Yang–Mills theory in minimal Landau gauge.
We find that the ghost-gluon vertex shows essentially
no temperature dependence, similar to the ghost propa-
gator itself. Given that only the ghost fields as well as
chromomagnetic gluons, neither of which show a strong
temperature dependence [26–28, 30–33], enter into the
correlation function, this is not really surprising.
However, the tree-level tensor dressing function of the
three-gluon vertex shows a pronounced temperature de-
pendence, with a strong positive infrared enhancement
around the phase transition temperature. This is in
stark contrast to the situation at zero or infinite temper-
ature, in which the same dressing is strongly suppressed
and likely even becomes negative. A similar sensitivity
has been observed for the electric gluon propagator [26–
28, 30–33]. However, in the soft case studied here, no
longitudinal gluon fields enter, but only magnetic ones.
Thus, this outcome is quite unexpected.
Note, however, that the lattice volumes are rather
small, and the discretizations are rather coarse. Both
facts have quite a large impact on the propagators
[28, 30–33], and therefore these results should be taken
with caution.
Ignoring this caution for one paragraph, and assum-
ing that these results will hold in more detailed stud-
ies, the implications are quite significant. The absence
of changes in the ghost-gluon vertex closes nicely with
observations for propagators: within systematic errors
due to volume and discretization effects, they are com-
patible with temperature-insensitive magnetic and ghost
propagators. This should indicate the right avenue to
understand the situation in functional calculations [15].
However, the strong changes of the three-gluon vertex
indicate a subtle interplay in the gluonic sector at and
around the phase transition. In fact, the infrared en-
hancement and absence of the sign change in the mag-
netic three-gluon vertex around the phase transition is
quite unexpected.
Returning to a more adequate cautionary tone, the
results are interesting but surely require more careful
study of lattice artifacts. On the other hand, the mag-
netic three-gluon vertex shows that the magnetic sector
is perhaps not as unaffected by the dynamics of the phase
transition as originally anticipated by the behavior of the
propagators. It thus appears that further studies of the
magnetic vertices would be very helpful, also for func-
tional calculations. Of course, given the behavior of the
electric propagator and the present results, this begs the
question on the behavior of the electric and mixed ver-
tices. This is certainly a demanding project but never-
theless a necessary step toward an understanding of the
dynamics around the phase transition in terms of the
gluonic degrees of freedom.
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FIG. 4: Various kinematic configurations of the three-gluon vertex at temperatures below criticality. The lower right graph
illustrates the vertex at the highest temperature in the figure as a function of two independent momenta. Only data with
relative error smaller than 1 are shown.
Appendix A: Simulation setup
The results in this work have been obtained as a gen-
eralization of Refs. [27, 34, 35]. We use a standard Wil-
son action for SU(2) Yang–Mills theory. The configura-
tions were generated using hybrid over-relaxation (HOR)
updates by alternating five over-relaxation sweeps with
one heat-bath sweep, the latter ones being done via a
mixed Creutz and Kennedy–Pendleton algorithm. Before
the first gauge-fixing Ninit HOR updates were discarded
for thermalization, with Ninit = 2 (10Nx + 300), and be-
tween two consecutive measurements Ninit/10, HOR up-
dates were performed. Gauge fixing to the minimal Lan-
dau gauge has been performed with an adaptive stochas-
tic over-relaxation algorithm using a global stopping cri-
terion [34]. We use asymmetric lattices Nt×Nx and vary
β to scan the temperature around the phase transition.
To map to physical temperatures, we obtain the string
tension as a function of β by interpolating the results of
Ref. [42] and setting the string tension to (440 MeV)2, to
be compatible with previous works, especially Ref. [30].
The particular lattice settings employed are listed in Ta-
ble I.
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FIG. 5: Three-gluon vertex as in FIG. 4, however, for temperatures above criticality.
Appendix B: Volume artifacts
Simulations were done on two different lattices with
spatial volumes of N3x = 20
3, 303, see Table I, but fixed
lattice spacing. Thus, we can only study the volume
dependence of our results but not yet the discretization
dependence. The results for selected temperatures for
the two volumes for the ghost-gluon vertex, shown in
FIG. 9, show essentially no dependence on the volume
within the statistical error. The same applies to all other
temperatures. Thus, within our systematic reach, the
ghost-gluon vertex appears volume independent.
In case for the three-gluon vertex, shown in FIG. 10,
we do see some volume dependence. However, increasing
the volume further amplifies the enhancement observed
in the main text, especially at the point of maximum
enhancement. Also, at high temperatures, the suppres-
sion becomes stronger with increasing volume. Thus, the
volume dependence favors the behavior described in the
main text. However, here a word of caution is mandatory:
For the gluon propagator at zero temperature, the vol-
ume dependence on volumes much larger than the present
ones is actually qualitatively different than in the case of
the present volumes (see Ref. [12] for a review). Hence,
it cannot be excluded that also for the vertex a qualita-
tive change may occur at much larger volumes. Given
the amount of statistical fluctuations, this will require
substantially more computing power than employed in
the present calculation and is therefore left until such
resources become available.
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FIG. 6: The three-gluon vertex at the point of maximum enhancement at 0.96Tc and at 1.55Tc, compared to the results from
zero and infinite temperature from Ref. [35]. Only data with relative error smaller than 1 are shown.
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FIG. 7: The three-gluon vertex at the lowest momentum (left panel, 235±35 MeV) and next-to-lowest momentum (right panel,
370±80 MeV) as a function of temperature for the case of one gluon momentum vanishing. The variation in momenta stems
from the different β values. The vertex has been renormalized at 1.3 GeV to 1, using a linear extrapolation in β of the zero-
temperature data from Ref. [35]. The infinite-temperature results are plotted for comparison at 2.5Tc. However, given the
quite different scales and renormalization properties, any comparison should be made with care.
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